1] The geomorphic literature contains many analytic solutions for the topographic evolution of gently sloping soil-mantled hillslopes responding to base level changes. Most of these solutions are limited to vertical base level changes and/or to simplified geometries, however. In this paper we present an analytic solution for the morphology of a valley and its adjacent hillslopes undergoing steady headward growth. The mathematics of this problem were first solved by Ivantsov (1947) in the context of heat flow near a parabolic solidification boundary. Here we test whether the Ivantsov solution provides an accurate first-order prediction of the morphology of valley heads and their adjacent hillslopes by comparing the model predictions to survey data from two study sites in southeastern Arizona. The model predicts that elevation contours of valley heads are parabolas and that topographic transects normal to contour lines are error functions. High-resolution Digital Elevation Models (DEMs) were constructed for the two study sites using Real-Time Kinematic Global Positioning System (RTK-GPS) measurements and a Terrestrial Laser Scanner (TLS). Our analyses show that the model reproduces the first-order morphology of headward-growing valleys and their adjacent hillslopes. We also show that by analyzing hillslope profiles at different distances from the valley head, the model framework can be used to infer likely changes in the valley head migration rate through time.
Introduction
[2] The colluvial transport rate on gently sloping, soilmantled hillslopes is often observed to be a linear function of hillslope gradient [e.g., McKean et al., 1993; Small et al., 1999; Dietrich et al., 2003] . This observation, combined with conservation of mass for the colluvial sediment, implies that the topography of gently sloping, soil-mantled hillslopes evolves according to the diffusion equation [Culling, 1960 [Culling, , 1963 :
where z is elevation, t is time, and k is a coefficient with units of L 2 T À1 . Many studies have documented the limitations of the slope-dependent colluvial transport model used to derive equation (1). When a significant portion of the landscape has slopes in excess of 20 , for example, a nonlinear slopedependent transport model [e.g., Roering et al., 1999] should generally be used instead of the linear slope-dependent transport model that leads to equation (1). In upland landscapes with a relatively thin veneer of soil over bedrock, the colluvial transport rate is a function of the soil thickness as well as the slope gradient, hence a depth-and-slopedependent transport model should be used [Heimsath et al., 2005] . Despite these well-documented limitations, the slope-dependent colluvial transport model remains applicable to many gently sloping hillslopes that have abundant soil available for transport. The slope-dependent transport model has been widely used by tectonic geomorphologists to place quantitative constraints on fault activity [e.g., Andrews and Hanks, 1985; Arrowsmith et al., 1998; Hanks, 2000; Mattson and Bruhn, 2001] and by landscape evolution modelers to understand the controls on scales of process transitions in hillslope-fluvial systems [e.g., Perron et al., 2008 Perron et al., , 2009 ].
[3] Many analytic solutions to equation (1) are available for geomorphic applications. Culling [1960 Culling [ , 1963 , Mudd and Furbish [2007] , and Pelletier [2008] , for example, provided analytic solutions to equation (1) that apply to a variety of landforms, including fault and pluvial shoreline scarps, moraines, and abandoned fluvial terraces. To date, however, no study has proposed a two-dimensional (2D) (i.e., elevation as a function of both independent spatial coordinates x and y) analytic solution for the most fundamental unit of fluvial landscapes: the valley head. Valley heads are fundamental because they represent the transition from erosion by predominantly colluvial transport processes (on hillslopes) to erosion by predominantly slope wash and fluvial transport processes (in valleys) [Perron et al., 2008 [Perron et al., , 2009 . Perron and Hamon [2012] recently proposed that topographic profiles of valley heads subject to horizontal base level migration have an exponential form if the linear slope-dependent transport model applies. Their study focused on slopes that retreat horizontally as groundwater sapping valleys advance across a landscape. Their approach treats the valley head using a onedimensional (1D) analysis, however. In this paper we build upon the work of Perron and Hamon [2012] by deriving a 2D analytic solution that honors the complex shape of valley heads. The solution we derive, following the mathematical work of Ivantsov [1947] , predicts that, if the topography is detrended to remove the regional slope, contours of the detrended valley head landscape are parabolas and the topographic profiles normal to contours are error functions. Error functions are standard solutions to the 1D diffusion equation, hence the approach of this paper illustrates how, with the proper choice of coordinate system, shapes of complex 2D landforms can be quantified using standard solutions from simpler 1D geometries. The approach of this paper is similar in spirit to recent studies [e.g., Swenson et al., 2000] that have applied solutions from the literature on heat flow and solidification to complex geometries and/or moving boundaries in geomorphology.
Model Description
[4] The valley-head configuration represented by the model is shown schematically in Figure 1A . The valley head is comprised of a valley floor with a longitudinal slope S 0 (assumed to be equal to the plateau slope far from the valley head) and an adjacent hillslope that evolves diffusively in response to the base level boundary condition imposed by the headward migration of the valley floor. The valley floor, in turn, is comprised of an active channel and a floodplain. The width of the floodplain increases downvalley as the contributing area of the valley increases. We assume that the width of the floodplain increases as the square root of distance from the valley head, i.e.
where w is the floodplain width and y is the distance from the valley head along the valley axis. Data from our study sites (presented in section 4) validate the square-root dependence assumed in equation (2), but theoretical arguments can also be used to motivate this relationship. In alluvial valleys, channel width increases, on average, as the square root of discharge or contributing area [Leopold and Maddock, 1953] . If a valley is much longer than it is wide (as is the case for the examples considered in this paper), the contributing area will increase approximately in proportion to the distance from the valley head. If valley-floor width increases as the square root of contributing area and contributing area increases linearly with distance from the valley head, then equation (2) applies.
[5] The valley floor is assumed to advance headward at a constant velocity v in a direction parallel to its axis and in a shape-preserving way. Equation (2) can be rewritten for the along-valley position of the boundary between the valley floor and the adjacent hillslope, y p , as a function of the distance x from the valley axis in the cross-valley direction ( Figure 1B) :
Equation (3) follows from the fact that, if equation (2) applies, the boundary between the valley floor and the hillslope is a parabola with a radius of curvature at the parabola tip equal to R. The constant R/2 in equation (3) is needed to simplify the mathematics following the coordinate transformation (applied below) needed to obtain an analytic solution.
[6] The model solves for the steady state diffusional topography in a frame of reference moving with the valley head at velocity v, i.e.
with boundary conditions
for the valley floor and
for the plateau, where z 0 is the hillslope relief ( Figure 1A ). Equations (5) and (6) assume that the slope of the plateau and valley floor is zero. Once the case with S 0 = 0 is solved, a tilt can be superimposed on the solution to represent cases in which S 0 is nonzero. Such a superposition is valid because the diffusion equation is linear.
[7] The only horizontal length scale in the problem is the radius R. As such, it is convenient to introduce new dimensionless coordinates scaled to R, i.e.
Also, the elevation can be scaled to the hillslope relief, i.e.
Substituting these variables into the equations above gives
where Pe = vR/2k is the Peclet number, a dimensionless measure of the relative importance of advection and diffusion. To solve this system of equations analytically, a set of parabolic coordinates is introduced conforming to the shape of the boundary between the valley floor and hillslope, i.e.
This coordinate system, and its relationship to the scaled Cartesian coordinate system (x′, y′), is illustrated in Figure 1B .
The transformation from (x′, y′) to (x, h) simplifies the mathematics of the problem greatly because the parabolic boundary between the valley head and the hillslope is now given by x = 1. Also, curves of constant h and x are orthogonal and the boundary conditions are independent of h. In the new coordinate system, the partial differential equation (10) becomes the ordinary differential equation
The solution to this differential equation is [Ivantsov, 1947; Horvay and Cahn, 1961] 
Equation (18) states that the topography depends only on x. Since curves of constant x are parabolas, equation (18) implies that valley head topographic contours (with the regional/far-field slope S 0 removed) should also be parabolas. The curves that define this family of solutions are called Ivantsov parabolas in the heat flow literature in honor of Ivantsov's [1947] seminal work on this problem. Equation (18) also indicates that topographic profiles along curves of variable x should be error functions. In dimensional variables and with a finite far-field slope S 0 restored, the solution is
The prediction of parabolic contours differs from the analysis of Petroff et al. [2011] , who predicted a log-cosine shape for sapping valley heads. These different predictions arise from different models for valley growth: Petroff et al. [2011] were concerned with the planform shape of the valley head-only, which they assumed is governed by a balance between translational growth and growth proportional to local contour curvature (which they use as a proxy for groundwater flux), whereas we are concerned with the overall form of the topography over a longer distance downstream, and use a model that balances a prescribed translational growth of the valley with sediment transport on surrounding hillslopes.
[8] Figure 2 illustrates several examples of equation (19) for different values of R, S 0 , and Pe for z 0 = 10 m. All of the examples in Figure 2 share two common elements. First, the hillslope gradients and profile curvature values are greatest nearest to the valley floor and decrease in magnitude with increasing distance from the valley floor. This concentration of large-magnitude slope and profile curvature values close to the valley floor is a consequence of the lateral diffusive spreading of the zone of localized erosion outward from the location of base level change to the interior of the plateau through time. Second, the hillslope curvature at a given distance from the valley floor is greatest close to the valley head and decreases with distance away from the valley head (i.e., with increasing h). This pattern is partly the result of different parts of the landscape having different lengths of time to respond to the base level change as the valley head migrates into the plateau. As the valley head migrates, hillslope segments close to the valley head have had less time to respond to the base level change. These hillslopes are effectively younger in terms of how much time they have been influenced by the presence of the valley. As a result, these areas have the steepest slopes and highest values of profile curvature. Hillslopes farther from the valley head have had a longer period of time to adjust to the presence of nearby baselevel change. For this reason, slopes and curvature values decrease with increasing distance from the valley head. Steeper slopes near the valley head are also a consequence of the fact that those locations must convey a larger sediment flux at steady state. The topography near the valley head has the highest planform curvature, so points near the valley head have the largest source areas, and therefore have to be steepest to convey the flux delivered to them.
[9] Figure 2A illustrates the valley morphology for a case with R = 0.1 m, Pe = 0.03, and S 0 = 0.02. The contours shown in Figure 2A would be parabolas but they deviate somewhat from a parabolic form because S 0 is not zero. As the Peclet number is decreased from 0.03 to 0.01 (caused, for example, by a decrease in valley head migration velocity), the hillslopes are smoother and erosion has penetrated farther away from the valley head into the plateau ( Figure 2B ). Figure 2C illustrates the same solution as Figure 2B except that S 0 is equal to zero. In this case the contours are perfect parabolas.
Comparison With Numerical Solution
[10] To add confidence to the analytical solution derived in Section 2, we created a finite difference model of the scenario illustrated in Figure 1A . The domain is a regular grid centered on the apex of the valley floor at x = 0, y = R/2. The initial surface was set to the analytical solution (equation (19)), and the elevations of points on the valley floor and the x and y boundaries were held fixed throughout each model run. While the analytic solution described in Section 2 assumes a parabola-shaped boundary between the valley floor and adjacent hillslopes, the finite difference model on a Cartesian grid considered in this section necessarily requires that this boundary be represented by a stepped approximation of a parabola at the scale of individual pixels. The model solves (4) forward in time using a splitting method: First, the solution is advected in the negative y direction (and vertically, if S 0 > 0) according to the left-hand side of equation (4) using a semi-Lagrangian scheme [Staniforth and Cote, 1991] . Next, the elevations are updated according to the diffusion term on the right-hand side of equation (4) using an alternating-direction implicit (ADI) Crank-Nicolson scheme [Pelletier, 2008] .
[11] Figure 3 shows steady state numerical solutions for the three scenarios in Figure 2 . Model parameters are listed in the figure caption. In all three cases, the numerical solutions agree closely with the analytical solution. Plots of the deviation from the analytical solution ( Figures 3D-3F) show that the error is larger for scenarios with larger Pe (Figure 3A ), but is dominated by the stepped approximation of the parabolic valley floor on the numerical grid. Model runs not shown here confirmed that the magnitude of the error near the valley floor-hillslope boundary shrinks as finer grid resolutions are used, providing a smoother approximation of the parabolic boundary. For valleys with small R, the error is at most a few percent of z 0 at points along the boundary between the valley floor and the surrounding hillslopes ( Figures 3D and 3E ). For valleys with larger R, the stepped shape of the valley floor boundary is less pronounced, and the numerical solution matches the analytical solution even more closely, with deviations of less than 1% of z 0 ( Figure 3F ). Using other initial conditions also produced solutions that match the analytical solution.
Test of the Model Predictions in Study Sites in Southern Arizona
[12] To test the model predictions, we identified two study sites in the vicinity of Sonoita, Arizona (approximately 50 km southeast of Tucson) with good accessibility and where relatively isolated and straight valleys are growing headward into gently dipping planar plateaus (Figures 4  and 5) . These sites were chosen, in part, because their relatively gentle slopes are consistent with the linear slopedependent transport assumption of the model. Slopes in excess of 20 occur for 10% of the surveyed areas of these valley heads, based on our RTK-GPS and TLS surveys, while slopes in excess of 25 occur for only 6% of the area. As such, the linear slope-dependent transport model is likely to be adequate for representing colluvial transport in the vast majority of these landscapes. Both sites have valleys incised into weakly to-moderately indurated Plio-Quaternary deposits with sediments ranging in size from silt to boulders and bounded by the Martinez surface of Menges [1981] . These deposits were emplaced during the last phase of Basin and Range faulting in the region. The transition from a syntectonic to a post-tectonic landscape occurred during the late Miocene and led to the incision of Sonoita Basin by its main valley-floor river, Sonoita Creek, triggering the headward migration of tributary valleys [Menges, 1981] . Valley growth likely occurs by episodic overland flow during extreme storm events. Seepage discharge is assumed to play a relatively minor role in the headward growth of these valleys due to the significant depths to groundwater (tens of meters below the surface), and the combination of well-developed (stage 4-5), low-permeability pedogenic carbonates in the soils and the semi-arid climate of the region that likely prevent significant lateral transport of water in the shallow subsurface. The contributing area of runoff to the valley heads likely occurs only in the immediate vicinity of the valley heads where sufficient incision has occurred to tilt the hillslope in the direction of the growing valley. Elsewhere, the plateau is sufficiently flat and grass-covered to prevent significant long-distance overland flow.
[13] We used two different methods to obtain the topographic data needed to test the model predictions. In the study site illustrated in Figure 4 , we used an RTK-GPS survey because the density of trees in these valleys made TLS surveys impractical. The RTK-GPS survey method has the advantage of enhanced vertical accuracy relative to airborne LiDAR or TLS surveys but it has the disadvantage of low point densities. Ground-obscuring grass in the Sonoita region is dense and up to 1 m in height. Because an RTK-GPS survey is performed actively (point-by-point) using a polemounted receiver placed directly on the ground, the height of the ground surface is measured directly and the vertical accuracy exceeds that of airborne LiDAR and TLS (both of which can have difficulty penetrating to the ground surface in areas of dense vegetation cover). We collected 900 points covering two adjacent valley heads in the study area illustrated in Figure 4 . These data were then input into a bilinear interpolation routine to create a 1 m/pixel DEM of the two valley heads ( Figure 4B ). Although the resolution of the DEM is nominally 1 m/pixel, this resolution represents the minimum distance, not the average distance, between survey points. The distance between survey points was chosen to be densest near the valley head because this is where slope and curvature change over the shortest distances.
[14] The density of trees at the second study site ( Figure 5 ) was sufficiently low that a TLS survey was possible. A Leica C10 scanner was used to acquire 10 scans of each valley head in this study area. Target sets were used in conjunction with the Leica Cyclone software suite to perform scan-to-scan registration of the scans in order to obtain a unified, georeferenced point cloud. To convert the point cloud to a DEM, we defined a DEM resolution (0.1 m) and chose the lowest point within each 0.1 m Â 0.1 m pixel as representative of the ground surface. This procedure removes some but not all of the trees (Figures 5B and 5E ). Trees were further filtered from the DEMs by eliminating clusters of points more than 2 m above the surrounding landscape and interpolating between those areas. We removed the regional/ far-field slopes from the resulting DEMs by computing the slope and aspect of the planar plateau above each valley head and then subtracting that slope from the DEM. The resulting shaded relief images and contour maps for the two valley heads we scanned with TLS are shown in Figures 5C, 5D , 5F, and 5G.
[15] As a separate step from the surveys described above, we also surveyed the junction between the valley floor and the surrounding hillslopes in the four valleys using an RTK-GPS system. The purpose of these surveys was to test the square-root relationship between the valley-floor width and the distance from the valley head assumed in equation (2). The valley-floor width is the planform width of the valley, perpendicular to the valley centerline, between the slope breaks at the base of each side slope. The results of that survey are illustrated in Figure 6 . Data are plotted on logarithmic scales, hence a straight line with a slope of 1/2 corresponds to the square-root relationship assumed in equation (2). The data show excellent agreement with the square-root dependence assumed in the model. Least squares fits of the logarithms of the data for each valley (individual trend lines not shown) yield power-function exponents of 0.46 AE 0.04, 0.34 AE 0.04, 0.48 AE 0.04, and 0.53 AE 0.04 with goodness of fit or R 2 values of 0.82, 0.89, 0.87, and 0.78 for valley heads 1-4, respectively. Least squares fits to the data in Figure 6 can also be used to determine the values of the tip radii, yielding R = 0.36 m, 0.95 m, 0.019 m, and 0.027 m, for valley heads 1-4, respectively.
[16] Figure 7 shows two field photographs intended to help the reader visualize the variations in valley-floor width along the valley. Figure 7A shows the landscape in the immediate vicinity of the valley head. A cobble-dominated active channel occupies the entire valley floor in this area close to the valley head. At a distance of approximately 100 m downslope from the valley head, the valley has increased in width to approximately 10 m ( Figure 7B ). The valley floor at that location is comprised of an active channel 2-3 m wide plus a floodplain that is approximately 8 m in width.
[17] Figure 8 plots a test of the model prediction that valley head topographic contours (with the regional/far-field slope removed) are parabolas. This figure plots the contour width, i.e., the distance perpendicular to the valley axis between the Figure 6 . Plots of valley floor width versus distance from the valley head using data obtained from RTK-GPS surveys. Data for each valley closely follow a square-root relationship (equation (2)), as assumed in the model. contour on one side of the valley and the same contour on the other side, as a function of the distance along the valley from the point where the contour crosses the valley centerline. Four to five contours (depending on the available relief of each head), 4 m apart, were chosen from the bare-earth DEM of each valley head, for a total of 19 contours plotted. Data are plotted on logarithmic scales; hence a straight line with a slope of 1/2 is consistent with a parabolic form. The data exhibit a nearly parabolic form for contour widths greater than approximately 20 m: the average exponent of the least squares fits for all contours (above a contour width of 20 m) is 0.51. For scales smaller than 10 m but still well above the resolution of the data (i.e., 0.1 m for the TLS surveys), the data in Figure 8 show significant deviation from an exponent of 1/2, indicating a more nearly linear relationship between distance from the contour head and contour width.
[18] Figure 9 plots a test of the model prediction that topographic profiles along transects of x are error functions, using data from valley head 1 (valley heads are labeled in Figures 4 and 5) . Figure 9A plots the raw topographic profiles of the six segments whose locations are shown in Figure 4B . The profiles plotted in Figure 9B were obtained by first normalizing the relief of each profile to the total hillslope relief, z 0 , and then converting the Cartesian coordinates into values of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi y þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi x 2 þ y 2 p q or, equivalently, xR 1/2 . Five of the six transects are well approximated by error functions, with coefficients ranging from 0.2 to 0.4. Larger values of these coefficients relate to larger values of the Peclet number Pe. The profile labeled 1 in Figure 9B corresponds to the hillslope profile immediately upslope from the valley head. This profile has a more piecewise linear form compared to the smoother error function model prediction. The remaining profiles differ in terms of their error function coefficients, with transects closer to the valley head having lower coefficient values and therefore lower Peclet numbers compared with transects farther from the valley head.
[19] Figure 10 shows the results of the same analysis as Figure 9B for the other three valley heads studied. In each case transects were extracted from similar positions as those of the results documented in Figure 9 , i.e., a single transect was extracted in a direction parallel to the valley axis immediately upslope from the valley head and several transects were extracted in a direction perpendicular to the valley axis at increasing distances from the valley head. Data from head 2 show excellent fits to the error function model prediction. Heads 3 and 4 show more substantial deviations from the model prediction, including more abrupt changes in slope near the top of each hillslope profile. These abrupt changes are due predominantly to incomplete coverage of the upper slopes of the valley by the TLS scans. Each valley head was scanned from ten locations. While coverage was excellent on the valley side slopes (where the scanner was capable of scanning large portions of the opposite valley slope) and close to the valley head, coverage was less complete in the upper portions of these valleys farther from the valley heads. Linear interpolation through these areas of sparse data is the primary cause of the unrealistically abrupt transitions observed in Figures 10B and 10C . We can be certain that the abrupt slope breaks in Figures 10B and 10C are artifacts of incomplete TLS coverage because the slope breaks occur where data is sparse (based on the transect locations indicated in the shaded relief images in Figure 5 ) and because extensive work at the site revealed no abrupt slope breaks: these hillslopes exhibit smooth curves throughout. In all three of the cases illustrated in Figure 10 , as in the case illustrated in Figure 8 . Test of the model prediction of parabolic contours. The graph plots the contour width versus the distance along the valley from the contour head, i.e., the point where the contour crosses the valley centerline. Data are shown for all valley heads studied. The parabolic model prediction (i.e., a slope of 1/2 on log-log scales) is shown for comparison. RTK-GPS data (thick lines) have limited resolution below scales of a few meters, while TLS data (thin lines) resolve variations in contour width down to sub-meter scales. Figure 9 . Test of the model prediction of error function transects using data from head 1. (A) Plots of the topographic profiles of each of the six transects shown in Figure 4B. (B) Plots of the topographic profiles in the transformed coordinates. Error functions with two different values of Peclet number are shown for comparison. Figure 9 , the coefficients of the error function (and hence the Peclet number) increase with increasing distance from the valley head.
Discussion
[20] The model of this paper assumes that hillslopes are subject to colluvial transport only and that the transition from colluvial transport processes (dominant on hillslopes) to fluvial transport processes (dominant on the valley floor) is abrupt. In reality, the transition from colluvial processes to slope wash/fluvial processes occurs over a finite distance upslope from the valley head. This fact is likely responsible for some of the differences between the survey data and the model predictions documented in Figures 9 and 10. As shown in Figure 8 , the shapes of contours do not conform to the parabolic model prediction at short distances (i.e., those less than approximately 10 m) from the valley axis (on the hillslope segment immediately upslope from the valley head). The presence of concentrated slope wash/overland flow directly upslope from the valley head causes this area to have a more V-shaped morphology than is predicted by the model. A V-shaped morphology is also apparent in topographic profile 1 shown in Figure 9 . The concave-up section at the downslope end of this profile suggests that slope wash could be significant immediately upslope of the valley head. While the model predictions are not precisely accurate in the area directly upslope from the valley head, it is important to emphasize that these deviations occur in only a very small portion of the landscape.
[21] The results of this paper suggest that the rate of headward migration in the valley heads we studied is not constant (as assumed in the model). If the results in Figure 9 were perfectly consistent with the model, all of the topographic profiles plotted in Figure 9B would overlap, defining a single error function coefficient or Peclet number for the valley head. As Figure 9B shows, however, a range of coefficients or Peclet numbers is observed, with larger values farther from the valley head. The simplest explanation for this change in Peclet number is that the upslope migration of the valley head has slowed over time as a result of either drier Holocene conditions and/or a reduction in contributing area/ discharge to the valley head as valley heads grow toward one another and compete for water. Nonlinear slope-dependent transport could also contribute to this apparent change in Pe since nonlinear effects would increase effective k values in the immediate vicinity of valley heads, decreasing Pe values there relative to locations farther from the valley head (as observed). As noted, however, slopes steeper than 20 occur in only a small fraction (i.e., 10%) of these landscapes and the planar hillslope segments characteristic of nonlinear slope-dependent transport do not occur in any of the valleys studied. Systematic deviations from an error function form do occur in the topographic transects parallel to the valley axis and immediately upslope from the valley head (transects labeled 1 in Figures 9 and 10 ), but this is a result of the weakly V-shaped transition zone immediately above the valley head, a consequence of the fact that this region is a zone of gradual transition between a zone of predominantly colluvially dominant transport (on the hillslope) and predominantly slope wash/fluvially dominated transport (on the valley floor) as noted above. Differences between the slopes of the plateau and the valley floor are not likely to influence apparent Pe values because the rate of lateral diffusion is independent of the hillslope relief.
[22] The model of this paper applies most accurately to headward-growing valleys that are isolated from neighboring valleys. Headward-growing valleys that grow to the point where they completely erode the plateau surface isolating them from neighboring valleys are not consistent with the assumptions of the model and hence are not expected to have a parabolic form. Valleys that interact with neighboring valleys along their sides increase in width more gradually as a function of increasing distance from valley heads because the lateral growth of each valley is inhibited by the competition with neighboring valleys. Spencer and Huppert [1995] developed analytic solutions for such cases, i.e., those in which an array of growing solidification tips migrate headward and compete laterally. Future research will test whether the Spencer and Huppert [1995] solutions accurately Figure 10 . Test of the model prediction of error function transects using data from heads (A) 2, (B) 3, and (C) 4. The model is a good fit to the data in Figure 10A if the coefficient and hence Pe is allowed to vary by up to a factor of 2 along the length of the valley. The poor fits in Figures 10B and  10C are largely due to incomplete topographic data. Transect locations shown in Figure 5 include some areas with interpolated data. Interpolation makes hillslope segments unnaturally planar and slope changes more abrupt.
quantify the morphology of valleys interacting with their neighboring valleys during headward growth.
Conclusions
[23] In this paper we presented an analytic solution for the morphology of a gently sloping soil-mantled valley undergoing steady headward growth into a low-relief plateau. The mathematics of the problem were first solved by Ivantsov [1947] in the context of heat flow near a parabolic solidification boundary. We argued that the parabolic solidification boundary of Ivantsov [1947] is analogous to the boundary between the valley floor and adjacent hillslope in our geomorphic application. The Ivantsov [1947] solution predicts that topographic contours of valley heads (with the regional/ far-field slope removed) are parabolas and that topographic transects normal to contour lines are error functions. RTK-GPS and TLS surveys from two study sites in southeastern Arizona were used to test the model predictions. Survey data indicate that the model does a good job of capturing the firstorder morphology of the valley heads we studied. Moreover, in cases where the error function coefficient extracted from multiple topographic transects varies systematically with distance from the valley head, the model can be used to infer whether the headward growth of the valley has likely accelerating or decelerating through time. The model deviates significantly from the model prediction within a zone $10 m upslope from the valley head. This deviation is most likely a consequence of the fact that the model assumes only colluvial transport processes on hillslopes, whereas in nature hillslopes immediately upslope from valley heads are significantly influenced by slope wash/overland flow in addition to colluvial processes.
